ABSTRACT. -Beilinson and Bloch have given conditional constructions of height pairings between algebraic cycles on smooth projective varieties over number fields. These pairings generalize the classical Néron-Tate height pairing between divisors and zero-cycles and give conjecturally a description of the behavior of motivic L-functions near the central point. We give an unconditional construction of height pairings for algebraic cycles on abelian varieties. This improves a previous result where we have defined height pairings on abelian varieties which have totally degenerate reduction at all places of bad reduction. Our construction is based on the existence of projective regular models for abelian varieties over number fields and on the study of cycles on degenerate fibers in mixed characteristic initiated by Bloch, Gillet, and Soulé. 
Introduction
Let A K be an abelian variety which is defined over a number field K. Let CH p (A K ) 0 be the Chow group of homologically trivial cycles of codimension p on A K . The aim of this paper is to show that there is a well defined height pairing ., . AK :
which generalizes the classical Néron-Tate height pairing between divisors and zero-cycles. The precise statement of our result is given in Theorem 1.6. This improves a result in [12] where we have constructed the above height pairing under the assumption that the abelian variety A K has totally degenerate reduction at all places of bad reduction. Beilinson and Bloch have given in [1] and [2] projective variety which is defined over a number field. Conjecturally these height pairings can be used to describe the behavior of motivic L-functions near the central point. We use a variant of Beilinson's construction to define the pairing (1) which is based on arithmetic intersection theory as developed by Gillet and Soulé. In order to define a height pairing for algebraic cycles on A K , we have to overcome two difficulties. We need a projective regular model P of A K over the ring of integers O K in K and extensions of homologically trivial cycles on A K to P which are perpendicular to cycles supported in a special fiber with respect to the arithmetic intersection pairing on the model P .
Using results of Mumford, Chai, and Faltings, we have constructed in [12] projective regular models for abelian varieties with semi-abelian reduction. We have shown furthermore that an abelian variety A K has potentially semi-stable reduction, i.e., locally at primes of O K there exists after a finite flat base change a projective strictly semi-stable model P of A K . The special fiber of a strictly semi-stable model has a canonical stratification. The strata in the special fiber of the strictly semi-stable models of abelian varieties constructed in [12] have the following description. Each stratum is a semi-abelian scheme G α which is an extension of an abelian variety A α by a split torus T α . The closure P α of G α in P is a contraction product
for some smooth projective toric variety T α → Z α .
The problem to find suitable extensions of homologically trivial cycles on A K to a projective regular model can be checked locally at primes of O K . In [12] , we have investigated this question for strictly semi-stable models. Let S be the spectrum of a discrete valuation ring with finite residue class field k. Let P be a projective strictly semi-stable S-model of a d-dimensional abelian variety A K as described above. We denote by i : Y →P the special fiber of P and by Y (r) the disjoint union of the r-fold intersections of the irreducible components of Y . The natural inclusions can be used to define canonical maps
between the groups A · (Y (r) ) of algebraic cycles on Y (r) modulo homological equivalence. We define A p (Y ) = Coker(γ) and A p (Y ) = ker(ρ). We are looking for extensions of homologically trivial cycles on the generic fiber of A K to P which are perpendicular to cycles supported on Y with respect to the local arithmetic intersection pairing. This problem has a solution if the cycle class map induces an injection
and the complex
is exact. Using results about cycles on degenerate fibers in mixed characteristic of Bloch, Gillet, and Soulé [3] , we have seen in [12] that (3) is injective and (4) is exact if the varieties P α satisfy Grothendieck's standard conjectures and the Tate conjecture. In the special case where A K has totally degenerate reduction at all places of bad reduction, each P α is a smooth projective toric variety and satisfies Grothendieck's standard conjectures and the Tate conjecture. This is sufficient to show in [12] that there is a well defined height pairing on A K . For general abelian varieties, arbitrary contraction products (2) may appear as closures of strata in a model. We have shown in [14] that Grothendieck's standard conjectures and the Tate conjecture hold for a contraction product (2) if they hold for the abelian variety A α . However we do not know that these conjectures hold for arbitrary abelian varieties. Therefore we use a different argument for general abelian varieties. The ring of algebraic cycles modulo homological equivalence on a contraction product (2) can be computed as
This isomorphism allows us to express the injectivity in (3) and the exactness of (4) in terms of corresponding statements involving only the toric varieties Z α . We reduce our problem to the case of totally degenerate reduction in the following way. We use Mumford's construction to produce a second abelian variety A K with totally degenerate reduction together with a model P which is related to the original model P as follows. The closures of the strata in the special fiber of P are precisely the toric varieties Z α which appear in the contraction products P α of the original model. Furthermore the simplicial complex which describes how the different strata are related to each other coincides for P and P . This allows us to conclude the injectivity in (3) and the exactness of (4) from the corresponding statements for P .
Notations and conventions
For an abelian group X, we define X Q = X ⊗ Z Q, X R = X ⊗ Z R, and X * = Hom Z (X, Z). The dual abelian variety of an abelian variety A is denoted by A t . Let S denote the spectrum of a field or a Dedekind domain. Let X be a separated S-scheme of finite type. We denote by CH p (X) the Chow group of algebraic cycles of dimension p on X modulo rational equivalence as defined in [7, 20 .1]. However we take p to be the absolute dimension over S, which is the relative dimension over S plus the dimension of S. If X is regular and equidimensional of finite Krull dimension d, we write CH p (X) = CH d−p (X).
Height pairings for algebraic cycles
1.1. Let K be a number field, O K its ring of integers, and X η a smooth projective variety of dimension d over η = Spec K. The Chow group of homologically trivial cycles on X η is the kernel of the cycle class map
Bloch and Beilinson have given in [1] , [2] conditional definitions of height pairings
We recall a definition of Beilinson's pairing which requires the following assumptions:
1.2.
Assumption. -The variety X η has a regular model X which is flat and projective over S = Spec O K .
Once we have a regular model, we can use arithmetic intersection theory [10, 4.3.8 ] to define a pairing
where CH p (X) 0 Q denotes the subspace of CH p (X) Q consisting of cycle classes whose restriction to X η is homologically trivial. Let
We define CH p fin (X) ⊥ Q to be the orthogonal complement to CH p fin (X) Q with respect to the pairing (6) . There is a canonical map
1.3.
Assumption. -The map ϕ X is surjective.
If the Assumptions 1.2 and 1.3 hold, we can define the pairing (5) by applying the pairing (6) to preimages under ϕ X . We obtain height pairings (5) which behave well under the action of correspondences and generalize the classical Néron-Tate height pairing between divisors and zero-cycles [1] , [2] , [11] .
1.4.
Let K be a finite extension of K, X η = X η ⊗ K K , and denote by q the natural map from X η to X η . If our Assumptions 1.2 and 1.3 hold for X η and X η then it follows from Lemma 1.5 below that
We use Eq. (7) to define the pairing (5) if 1.2 and 1.3 hold for X η for some finite extension K of K. The following lemma shows that the definition of (5) 
By definition and (8), we get
Using the projection formula [11, Lemma 4.1] , this equals
This proves our claim. ✷
The following theorem is the main result of this paper. 
is surjective for all p 0.
The proof of the theorem will be given in Sections 5 and 6. Let A η be an abelian variety over η. By the semi-abelian reduction theorem [5, I 2.6], we may assume that A η has semiabelian reduction if we replace K by some finite field extension. We conclude from 1.4 and from Theorem 1.6:
for every abelian variety A η which is defined over a number field K.
2. Semi-stable reduction 2.1. Let R be a discrete valuation ring with quotient field K and perfect residue class field k. We set S = Spec R, η = Spec K, S 0 = Spec k and X 0 = X × S S 0 for an S-scheme X. Let X be a projective flat S-scheme with reduced special fiber Y = X 0 . Let Y 1 , . . . , Y t be the irreducible components of Y . For I ⊂ {1, . . . , t}, we denote by Y I the scheme-theoretic intersection i∈I Y i . We have in particular Y ∅ = X. Let X be a projective flat S-scheme of pure dimension d + 1 which is strictly semi-stable over S, i.e., the generic fiber X η = X \ Y of X is smooth over η, the special fiber Y = X 0 is reduced, each Y i is an effective Cartier divisor on X, and the schemes Y I are regular and have pure codimension |I| in X for each subset I ⊂ {1, . . . , t}.
2.2.
We recall some well known constructions from [3] . For every inclusion of subsets I ⊆ J ⊆ {1, . . ., t}, we have a closed immersion u = u JI : Y J → Y I which induces push-forward and pull-back maps
on Chow groups. For r 0, we denote by Y (r) the disjoint union of all Y I with |I| = r.
These maps satisfy 
where CH p (Y ) denotes Chow cohomology of Y in the sense of Fulton [7, 17.3] . There is a natural cap product
The projection formula in [7, 17.3] applied to π allows to describe this product in terms of the intersection product on the smooth projective varieties Y (1) . We have
2.3.
We fix an algebraic closure k of k and a prime l which is invertible on S. We denote by V the base change of a k-scheme V to k. For I = ∅, we define
. ., r}, the maps (9) and (10) induce push-forward and pull-back maps
2.4. We are going to extend the definitions in 2.3 to the case I = ∅. The canonical morphism j : Y (1) → X yields a push-forward map
There is a natural ring structure on CH · (X) Q [9, 8.3] , [12, 5.2] . It follows from [12, 5.3] and (15) that this product satisfies
This projection formula shows that the image of
Using this definition, we can define the map (16) also in the case I = ∅. The following lemma shows that (17) is defined for I = ∅ as well.
The map ρ on the left-hand side and the map γ in the lower arrow are defined in terms of maps (9) and (10) for I = ∅. Hence these maps factor through the groups A · (Y (r) ). This yields our claim. ✷ (11) and (12) induce maps
The groups
We obtain natural maps from
is a surjection. The fact that the pairing (14) can be computed on Y (1) implies that there is a corresponding pairing between
The degree map from CH 0 (Y ) Q to Q factors through A 0 (Y ). We consider the following sequence where the second map is induced by the identity on A p (Y (1) ):
It follows from (20) that (22) is a complex.
LEMMA. -The exactness of the complex (22) is equivalent to the equality
Proof. -This follows from the definitions if one observes γ
We observe that the equality in the lemma involves only the strata of Y and their natural inclusion maps. It does not refer to the whole model X. 
2.8.

2.9.
In the following, we assume that the residue class field k of R is finite. According to Deligne [4, 3.3.4] , the cohomology groups
) with weights 0. The étale homology groups H p = Hé t 2p (Y , Q l (−p)) are dual to étale cohomology and carry a weight filtration
We have derived in [12, 5.11 ] from the spectral sequence of cohomological descent that the cokernel of the map
The map (24) is via the cycle class map compatible with the corresponding map in (21). Hence there is a natural induced map
which we denote by cl as well. It follows from the functorial behavior of the cycle class map in étale homology that it factors as
3. Reduction to the strictly semi-stable local case 3.1. It is a local problem to check Assumption 1.3. We describe how this assumption can be checked for a strictly semi-stable model. This is sufficient if our variety has potentially semi-stable reduction. Let X be a strictly semi-stable S-scheme as in Section 2. Instead of Assumption 1.3, we consider:
3.2.
Assumption. -For all p 0, the cycle class map induces an injection
The following result is an adaptation of Theorem 6.11 in [12] to our situation. Let K be a number field with ring of integers O K , S = Spec O K and η = Spec K. For a prime p of O K , we denote by S p the spectrum of the completion of the localization of O K at p. Let X η be a smooth projective η-variety. A model X of X η over S has bad reduction at a prime p if X p = X × S S p is not smooth over S p . 
Q . Let p be a prime of bad reduction. We have natural maps j p : X p → X and g p : X p → X p . The morphism g p is a projective factorable l.c.i. morphism of relative dimension zero. The restriction of g p to generic fibers is finite. Therefore we may assume without loss of generality that α was chosen such that there exists an element
Let X η be the generic and i p : Y → X p the special fiber of X p over S p . The specialization map
It follows from the compatibility of the cycle class map with specialization [12, 5.8] 
. By modifying α in closed fibers over bad reduction places, we may find a global class α 0 ∈ CH p (X) 0 Q which is an extension of α η to X and satisfies
for all primes p of bad reduction. We claim that α 0 is contained in CH ., . Xp :
., .
It is shown in the proof of part 7) of Theorem 4.4.3 in [10] that they satisfy the projection formula
.4.1 and maps CH
The pairing (28) describes the local contribution to the pairing (6) at the prime p.
The pairing (29) can be described as [12, 5.3 ]
where . ∩ . refers to the cap product pairing (14) . We recall that (14) factors through the groups in 2.6. We obtain 
4.2.
We recall some useful properties of toric varieties. For any toric variety Z for some split torus T and any variety Y , the natural map
is an isomorphism [6, Theorem 2] . If the toric variety Z is smooth and proper, the cycle class map induces an isomorphism (loc. cit. Corollary to Theorem 2)
The Chow group CH · (Z) is a free Z-module which has a basis given by classes of closures of T -orbits in Z [8, 5.2].
4.3.
Let G be a split semi-abelian scheme. The group scheme G is an extension of an abelian variety A by a torus T which is split over k. Let T → Z be a smooth projective toric variety. We are interested in the contraction product P = G × T Z. We recall some facts about algebraic cycles on the toric fibration P over A from Section 2 in [14] . We have a cartesian square
where π andπ describe products of G m -torsors which are algebraically equivalent to zero. This yields isomorphisms [14, Lemma 9]
Their composition defines an isomorphism of Q -algebras
The map ϕ CH is CH · (A)-linear and has the following description (loc. cit. Lemma 10) . Given an element α in CH p (A) Q and a T -stable subvariety V of Z, we have
There is a corresponding map ϕ H in l-adic cohomology for which the diagram
LEMMA. -For a smooth projective toric fibration P as above, the map (31) induces an isomorphism
Proof. -Observe that the tensor product of Chow groups is taken over Q whereas the tensor product of cohomology groups is taken over Q l . Our claim follows from the commutativity of (33) as (30) is an isomorphism. ✷ 4.5. Let Z be a second smooth projective toric variety for a split torus T . We assume that there is a surjection t : T → T and a closed immersion j : Z → Z which identifies Z with the closure of a T -orbit in Z and is compatible with torus actions under t. Let G be the push-out of the extension G with respect to t and id A . We set P = G × T Z = G × T Z and denote by f : P → P the natural map. Let e denote the difference dim(P ) − dim(P ) = dim(Z) − dim(Z ).
LEMMA. -The diagrams
and
as well as the corresponding diagrams in l-adic cohomology commute.
it is sufficient to show (34) and (35) for elements of the form
We consider first the case of Chow groups. The commutativity in (35) follows from the fact that ϕ CH was defined in 4.3 as a composition of maps which are compatible with pull-backs. The commutativity of (34) follows easily from the description of ϕ CH in (32). Next we consider cohomology. It is sufficient to consider elements of the form 1 ⊗ α. We use the surjectivity of (30) together with the properties of ϕ H described above to derive from our result for Chow groups that the corresponding diagrams in l-adic cohomology commute. ✷
Projective regular models for abelian varieties
5.1.
Let K be a number field, O K its ring of integers, and A η an abelian variety with semiabelian reduction over η = Spec K. Using results of Chai, Faltings and Mumford, we have shown in [12] that A η admits a projective regular model over S = Spec O K which has potentially semistable reduction as required in Proposition 3.3. We recall the main existence statements from [12] and describe the models under consideration in detail. This will allow us to show in the next section that they fulfill the requirements made in Assumption 3.2. We also use the opportunity to correct the statement of [12, Theorem 4.6]. 
THEOREM. -Let
A,η over the constant η-group scheme (Y × X) η where P A is the Poincaré biextension over A × S A t . (d6) M is a cubical ample invertible sheaf on A such that the associated polarization
η over the constant η-group scheme Y η which is compatible with τ in the sense that we have (compare [12, 2.2]) + is a cone decomposition star(σ α ) which is given as follows. Let star(σ α ) be the star of σ α which is the collection of all cones σ β in {σ α } α∈I such that σ α is a face of σ β . Then star(σ α ) is by definition the smooth rational polyhedral cone decomposition inX(σ α ) * R which is given by the image of star(σ α ) under the natural projection.
5.5.
We work over the spectrum S of a complete discrete valuation ring R and use the notations from 2.1. Let A η be an abelian variety over η which has semi-abelian reduction and is polarized by an ample invertible sheaf L η . The connected component G of the Néron model of A η is a semi-abelian S-scheme. The invertible sheaf L η extends uniquely to a cubical ample invertible sheaf L on G and induces an invertible sheaf L on the Raynaud extension (36). If we replace S by a finite, étale extension, we may assume that the torus T is split and that L descends to a cubical ample invertible sheaf M on A. The triple (G, L, M) defines a split ample degeneration over S as in 5.3. We denote by
the set of degeneration data associated with (G, L, M). We obtain in particular data (X, Y, φ, a, b) as described in 5.4. In [12, Section 3], we have constructed a projective regular compactification of G from a smooth Y -admissible cone decomposition {σ α } α∈I and from a k-twisted Y -admissible polarization function ϕ for {σ α } α∈I . The existence of such a pair ({σ α } α∈I , ϕ) was shown in loc. cit. 3.3. The compactification of G constructed from ({σ α } α∈I , ϕ) is a strictly semi-stable S-scheme if and only if the cone decomposition {σ α } α∈I is semi-stable. A given Y -admissible cone decomposition admits a semi-stable refinement if we are allowed to change the integral structure on X * R . The change of the integral structure on X * R corresponds to a ramified base extension of S. Therefore we replace S by some finite flat extension which we allow this time to be ramified. After such a suitably ramified extension of S, we may find a refinement of a given Y -admissible cone decomposition with the following properties. The refinement is a semistable Y -admissible cone decomposition {σ α } α∈I which contains the cone σ T = {0} × R >0 , satisfies S y (σ α ) ∩ σ α = {0} for all y ∈ Y − {0}, and admits a k-twisted Y -admissible polarization function ϕ for a suitable k ∈ N [12, 4.5]. For α ∈ I + , the injection ofX(σ α ) into X defined above determines a surjection of split tori over k
The quotient G α of G 0 by the kernel of (40) is a semi-abelian k-scheme
5.6.
THEOREM. -Associated with the semi-stable Y -admissible cone decomposition {σ α } α∈I and the k-twisted polarization function ϕ, there is a strictly semi-stable scheme P which is flat and projective over S, and an ample invertible sheaf L P on P such that: 
where T α → Z α is the smooth projective toric variety over k associated with the cone decomposition star(σ α ) defined above. For α ∈ I + , the canonical maps S y from G α to G Sy(α) induce isomorphisms S y from P α to P Sy(α) which fit into the commutative squares
where T c t (y) denotes translation by c t (y) ∈ A(S) and σ α is a face of σ γ .
Proof. -This follows from Theorem 3.5 and Theorem 4.7 in [12] . ✷
5.7.
The construction of the models in Theorem 5.2 and Theorem 5.6 can be done in a way that is compatible with the requirements made in 3.3. In fact, we have to choose an admissible cone decomposition for each bad reduction prime in order to obtain a global model as in Theorem 5.2.
After a suitable change of the integral structure, each of these cone decompositions admits a semi-stable refinement. The change of the integral structure corresponds locally to a finite flat ramified base change. The refinement of the cone decomposition corresponds to blowing ups in the special fiber. The combination of these modifications yields locally a strictly semi-stable model as required in Proposition 3.3. [12] . Let R be a discrete valuation ring with quotient field K. Let A η be an abelian K-variety which has semi-abelian reduction and is polarized by an ample invertible sheaf L η . In [12, Theorem 4 .2], we claim that there exists a discrete valuation ring R which is a finite flat extension of R such that the base change of A η to the quotient field of R admits a projective semi-stable model over R with properties (i)-(iv) listed in Theorem 5.6. This statement holds as stated in loc. cit. if R is a complete discrete valuation ring. If R is an arbitrary discrete valuation ring, the finite flat ring extension R of R constructed in loc. cit. no longer has to be a discrete valuation ring. The statement of [12, Theorem 4.2] has to be corrected as follows. In the above situation, there exists a finite field extension K of K such that the base change of A η to K admits a projective regular model P over the integral closure R of R in K . This model P has semistable reduction over each localization of R with the properties listed in [12, Theorem 4.2] and Theorem 5.6 (i)-(iv). This correction does not affect the validity of the other results in [12] . The theorem is only used in the proof of [12, Theorem 6.13] where one can work over a complete discrete valuation ring as in this paper.
Erratum to
6. Reduction to the totally degenerate case 6.1. Let K be a number field and A η a d-dimensional abelian variety with semi-abelian reduction over η = Spec K. In the last section, we have seen that A η admits a projective regular model over the ring of integers in K which has potentially semi-stable reduction as required in Proposition 3.3. In this section, we show that the strictly semi-stable models constructed in Theorem 5.6 satisfy Assumption 3.2.
6.2.
Let R be a complete discrete valuation ring with finite residue class field k. Let (G, L, M) be a split ample degeneration over S such that the associated degeneration data
, and admits a k-twisted Y -admissible polarization function ϕ for a suitable k ∈ N. Let P be the compactification of G constructed in Theorem 5.6 from ({σ α } α∈I , ϕ). In order to show that Assumption 3.2 holds for the model P , we construct a second strictly semi-stable S-scheme P = Q. The new scheme Q is closely related to P and will satisfy Assumption 3.2. Using again the pair ({σ α } α∈I , ϕ), we construct P = Q as a compactification of a totally degenerate semi-abelian S-scheme G from a split ample degeneration
by Mumford's construction 5.3. We choose a prime element π R of R in order to define our new degeneration data. The data (41) are defined as follows:
(d1) A is the trivial abelian S-scheme.
It follows from the above definitions that we have
We have to show that our data satisfy (38) and that the positivity condition holds. We conclude from (42) that (39) holds for our new data and that the positivity condition is satisfied. Eq. (38) is a consequence of our definition of τ and ψ if one observes the compatibility (39).
The degeneration data (41) determine a split ample degeneration (G , L , M ) over S. We may use the cone decomposition {σ α } α∈I and the polarization function ϕ to construct a strictly semistable S-scheme P with an ample invertible sheaf L P which is a compactification of G as in Theorem 5.6. We write Q = P , e for the dimension of Q 0 , and denote by i and j the inclusions of the special fibers P 0 and Q 0 into P and Q. As the model Q is constructed from the same cone decomposition as P , it has a similar special fiber. The strata of the special fibers P 0 and Q 0 correspond to elements in I + Y . The Q α for α ∈ I + are smooth projective toric varieties and each P α is a contraction product G α × Tα Q α . We are interested in the model Q as it satisfies Assumption 3.2.
THEOREM. -The cycle class in étale homology induces an isomorphism
Proof. -The first isomorphism follows from the bijectivity of (30) as A p (Q 0 ) is the cokernel of γ in (21) and Gr 
The following proposition shows that this isomorphism behaves naturally with respect to the action of Y .
PROPOSITION. -Let α and β be elements in I
+ such that S y (α) = β holds for some y ∈ Y . In this case, there are natural isomorphisms S y : Q α → Q β and S y : P α → P β and the diagram
commutes.
Proof. -The maps S y in the diagram have been introduced in Theorem 5.6(iv). The isomorphism S y from P α to P β fits into the left commutative square in loc. cit. The graph of the translation map T c t (y) is algebraically equivalent to the graph of the identity. Hence T c t (y) acts trivially on A · (A 0 ) and we obtain
is generated by elements x ⊗ [Q γ ] where x ∈ A p (A 0 ), γ ∈ I + such that σ α is a face of σ γ , and [Q γ ] is the class of the subvariety which is given as the closure of the stratum G γ = T γ corresponding to γ in 5.6 (iii). We define δ ∈ I + by S y (σ γ ) = σ δ . The map S y in the proposition maps Q γ to Q δ and P γ to P δ . We have This proves our claim. ✷ Next we check compatibility of (45) with γ and ρ. We choose an ordering of the classes of onedimensional cones in I + Y , i.e. an identification of the irreducible components of Q 0 and P 0 with {1, . . ., t}. We consider the maps γ and ρ from (21). We claim with the corresponding notation P I , Q I , P (i) , Q (i) as in Section 2 the following lemma. Proof. -The maps γ and ρ are defined in terms of the maps (16) and (17). Hence it is sufficient to show the corresponding commutativity statements in the lemma for these maps. It follows from our construction and from Proposition 6.4 that we may assume therefore that we are in the situation of 4.5. Then our claim follows from Lemma 4.6. ✷
LEMMA. -The diagrams
We are ready to prove our final result. 
We obtain a map of the cokernels of the horizontal maps
which induces an isomorphism ).
We see in particular that the left-hand side of (49) equals . This proves our claim as (23) holds for Q 0 by Theorem 6.3 and Lemma 2.7. ✷
